Abstract-In this paper, an observer-based stabilizing controller has been designed for networked systems involving both random measurement and actuation delays. The developed control algorithm is suitable for networked systems with any type of delays. By the simultaneous presence of binary random delays and making full use of the delay information in the measurement model and controller design, new and less conservative stabilization conditions for networked control systems are derived. The criterion is formulated in the form of a nonconvex matrix inequality of which a feasible solution can be obtained by solving a minimization problem in terms of linear matrix inequalities. An illustrative example is presented to show the applicability of the proposed design technique.
network itself is a dynamic system with some issues, such as data dropout, limited bandwidth, time delay, and quantization. Thus, conventional control theories for point-to-point control systems must be reevaluated before they can be applied to networked systems.
On the other hand, the existence of time delays is commonly encountered in many dynamic systems, and time delay has been widely known to degrade the performance of the control systems [14] [15] [16] [17] . Hence, it is not surprising that, in the past few years, there has been considerable research work appearing to address the control problem of networked systems in the presence of network delays. For example, Jiang et al. [18] proposed a methodology as an augmented deterministic discrete-time model to control a linear plant over a periodic delay network. Given that the network delays are time varying but bounded, the Lyapunov theory was employed in [1] to find the maximum delays that can be tolerated. However, in the aforementioned works, the network-induced delays have been commonly assumed to be deterministic, which is fairly unrealistic since delays resulting from network transmissions are typically time varying and random by nature.
Recently, researchers have started to model the random communication delays in various probabilistic ways and have tried to prove a version of stability such as the mean-square stability or the exponential mean-square stability. For example, in [19] , the random communication delays have been considered as white in nature with known probability distributions. In [20] , the time delay of NCSs was modeled as Markov chains such that the closed-loop systems are jump systems. In [21] , the random delays were modeled as the Bernoulli binary distributed white sequence taking values of zero and one with certain probability. Among them, the binary random communication delay has received much research attention due to its practicality and simplicity in describing network-induced delays [22] , [23] .
The stochastic criterion presented in [21] distinguishes itself from the others in the sense that both the measurement and actuation delays are viewed as the Bernoulli distributed white sequence. Nevertheless, the delay-free model presented in [21] largely depends on the sampling period and only for an NCS with small random delays. To overcome the limitation, Lin et al. [24] developed a type of model with more extensively applicable scope. However, the observer-based feedback control algorithm given in [24] is derived based on the assumption that the time-varying delay occurs only in the channel from the sensor to the controller. This obviously does not accord with the practical situation in most NCSs, where another typical kind of network-induced delay often happens in the channel from the controller to the actuator.
To solve these problems, in this paper, a new observerbased stabilizing control algorithm is designed to estimate the states and control input by constructing an augmented system where the original control input is regarded as a new state. Two kinds of random delays, i.e., measurement and actuation delays, are simultaneously considered via a limited bandwidth communication channel. What is more, both the measurement and actuation delays are modeled by two mutually independent stochastic variables satisfying the Bernoulli binary distribution. The observer-based controller is designed to exponentially stabilize the networked system in the sense of the mean square and solved within the linear matrix inequality (LMI) framework, together with a cone complementary linearization algorithm.
II. PROBLEM FORMULATION
Consider the NCS with random communication delays, where the sensor is clock driven and the controller and the actuator are event driven. The discrete-time linear time-invariant plant model is as follows:
where x p (k) ∈ n is the plant's state vector and u p (k) ∈ m and y p (k) ∈ p are the plant's control input and output vectors, respectively. A, B, and C are known as real matrices with appropriate dimensions. We assume for a more general case that the measurement with a randomly varying communication delay is described by
where τ m k stands for the measurement delay, the occurrence of which satisfies the Bernoulli distribution, and δ(k) is a Bernoulli distributed white sequence with
When the full state information is not available and the time delay occurs on the actuation side, it is desirable to design the following observer-based controller:
Observer :
wherex(k) ∈ n is the estimate of the system (1),ŷ c (k) ∈ p is the observer output, and L ∈ n×p and K ∈ m×n are the observer gain and the controller gain, respectively. The stochastic variable α, mutually independent of δ, is also a Bernoulli distributed white sequence with
where τ a k is the actuation delay. In this paper, assume that τ a k and τ m k are time varying and have the following bounded condition:
Remark 2.1: Compared with the delay-free model and the observer-based controller presented in [21] , our new delaydependent model (2) and the observer-based controller (4) and (5) (4) and (5) cover the ones in [21] as special cases.
Define the estimation error by
Then, it yields
The aforementioned system (9) and (10) is equivalent to the following compact form:
where
The aim of this paper is to design an observer-based feedback stabilizing controller in the form of (4) and (5) such that the closed-loop system (11) is exponentially stable in the mean square.
III. MAIN RESULTS
In this section, we will thoroughly investigate the stability analysis and controller synthesis problems for the closed-loop system (11) .
First, let us deal with the stability analysis problem and derive a sufficient condition under which the closed-loop system (11) with the given controller (4) and (5) is exponentially stable in the mean square. The resulting theorem is based on the following Lyapunov function candidate:
and matrices P = P T > 0, Q > 0. Before establishing our main results, let us recall the following Lemma which will be useful to derive sufficient conditions for the NCS stability:
Lemma 3.1 [21] , [25] : Choose V (ε(k)) as in (12) . If there exist real scalars λ ≥ 0, µ > 0, υ > 0, and 0 < φ < 1 such that
then the sequence ε(k) satisfies
With the aid of Lemma 3.1, we now present the analysis result for system (11) to be exponentially mean square stable.
Theorem 3.1:
Let the controller and the observer gain matrices K and L be given. The closed-loop system (11) is exponentially mean square stable if there exist symmetric positive-definite matrix P , positive-definite matrix Q, and matrices R i , S i , and M i , i = 1, 2, such that the matrix inequality (16) shown at the bottom of the page, holds, where
Proof:
Then, system (11) can be transformed into
Calculating the difference of V 1 (ε(k)) along the system (19) and taking the mathematical expectation, we have
Note that
Similarly, E{∆V 3 (ε(k))} is computed by the same way as E{∆V 2 (ε(k))}, and it yields
In addition, according to (17) and (18), the following conditions are satisfied:
Therefore, for any appropriately dimensioned matrices R i , S i , and M i , i = 1, 2, we have the following equations:
Putting together (20)- (30), we have
where ζ(k) and Λ are shown at the bottom of the next page. If Λ < 0 holds, i.e., matrix inequality (16) holds, then
Inequality (27) implies that
Therefore, by Lemma 3.1, it can be verified that the closedloop system (11) is exponentially mean square stable. This completes the proof.
Next, we will continue to present a solution to the problem of the observer-based stabilizing controller design. 
, and M i ∈ 2n×2n , i = 1, 2, and real matrices K ∈ m×n and L ∈ n×p such that we have (34) and (35) shown at the bottom of the page, where
Proof: By the Schur complement, (16) 
According to E{α −ᾱ} = 0 and E{δ −δ} = 0, we have
In order to transform matrix inequality (36) into an LMI,
T }, E{ B T }, and E{ C T } can be rewritten as
Substituting (37)- (39) into (36) and letting X = P −1 , we can obtain the matrix inequalities (34) and (35) in Theorem 2, which give us the desired result.
Remark 3.1: By introducing new additional matrices R i , S i , and M i , i = 1, 2, which are not constrained to be symmetric or positive definite, we obtain a matrix inequality (34) in which the Lyapunov matrix P is not involved in any product with the dynamic matrices A, B, and C. What is more, there are no products of unknown matrix P with controller parameter K and observer parameter L. Therefore, the condition (34) is easy to check using the existing efficient interior-point method.
Remark 3.2: It should be noted that the obtained conditions in Theorem 3.2 are not strict LMIs owing to (34). However, with the result in [26] , which has been used in some previous works [27] , [28], we can convert the original nonfeasibility problem into the following minimization problem involving LMI conditions:
Minimize trace{P X} subject to (34), P > 0, X > 0, Q > 0
Then, for given scalarsd m , d m ,d a , d a ,ᾱ, andδ, the gain matrices K and L can be found using the following algorithm. 
is }, and go to step 2.
Remark 3.3:
It is worth pointing out that Theorem 3.2 only depends on the variation range of the delays and not on the actual delays themselves. Therefore, it is not a delay-dependent sufficient criterion, which is conservative when the delay is small. A delay-dependent result can be developed in the same way by choosing a Lyapunov functional that includes more entries, as was done in [27] .
IV. NUMERICAL EXAMPLE
In this section, we will study the networked control problem for the uninterruptible power system (UPS) aiming to demonstrate the effectiveness and applicability of the proposed method. Our objective is to control the pulsewidth-modulated inverter, such that the output ac voltage is kept at the desired setting and undistorted. We consider the UPS with 1 kVA, the discrete-time model (1) of which can be obtained with a sampling time of 10 ms at a half-load operating point as follows [21] : In this application, the control signal is transmitted through network cable, and due to the limited bandwidth of the network, the usage of the network gives rise to probabilistic signal delays. For the convenience of comparison with the control algorithm in [21] which is only for small random delays, we consider the same case where both the occurrence probabilities of the random measurement delay and the actuation delay arē δ =ᾱ = 0.1. Meanwhile, to show that the designed control algorithm can be applied to more practical NCSs with long time delays, we assume that the measurement delay τ The maximum iteration number is chosen to be ten. Applying Algorithm 1 to this example, we obtain the controller and observer gain matrices as follows: Fig. 1 , where the dotted lines denote the state responses using the control algorithm proposed in [21] , and the Bernoulli sequences α(k) and δ(k) are depicted in Fig. 2 . Fig. 1 . State response of plant states x 1p (t), x 2p (t), and x 3p (t).
Fig. 2. Bernoulli sequences α(k) and δ(k).
It can be observed from Fig. 1 that, with the novel control algorithm developed in this paper, not only does the dynamical behavior of the NCS take less time to converge to zero but also the system oscillation is smaller. In other words, compared with the control algorithm presented in [21] , the new developed control algorithm in this paper has the advantages of faster response, smaller overshoot, and higher control precision.
V. CONCLUSION
The stability analysis and controller synthesis problems are thoroughly investigated for NCSs with time-varying delays. Attention is focused on the design of the new observer-based controller such that the resulting closed-loop system is exponentially stable in the mean-square sense. The effectiveness of the proposed results has been shown through a numerical example. One of our future research topics would be the study of NCSs with both network-induced delays and packet dropout, where the maximum allowable packet loss ratio will be derived with the simultaneous presence of binary random measurement and actuation delays.
